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The primary purpose of this investigation is to provide 
basic data needed in determining the size distribution of 
water-droplets in cloud chambers, sprays, dust clouds, etc. 
A critique of the classical Mie scattering theory lS 
made to evaluate the influence of the particulate properties 
such as size, shape and refractive index and of the parti-
culate concentration on the scattering functions. 
Using He-Ne gas laser radiation of 6328 ~ wavelength 
as the source, the angular intensity functions are tabulated 
for water-drops up to 20 microns in diameter, dispersed in 
air at 25°C. A size interval of 0.2 microns and an angular 
interval of 5° is used as a practical limit to the tabulation. 
The analysis of the scattering data shows that a 
polarization ratio method may be used during drop nucleation 
and the size distribution determined by two parameters which 
are the mean drop size and the variance of the drop size 
distribution. For water-droplets with diameters above 
5 microns, extinction measurements are suitable in determining 
the mean drop size. 
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NOMENCLATURE 
r = Radius of the spherical drop 
A = Wavelength of the incident radiation 
m = Refractive index of the scattering sphere 
relative to the medium 
8 Forward scattering angle 
y = Backward scattering angle 
27Tr 
a = --A- size parameter 
B = rna refractive index times size 
il,i2 = Angular intensity functions 
E(m,a) 
K(m,a) 







Real parts of A and P , respectively n n 












Cos(y) cosine of backward scattering 
angle 
Half integral order Bessel Functions 
Legendre polynomial of degree n 
a P (T) 
~T first partial derivative of Pn(T) 
<3T2 
second partial derivative of 
p (T) 
n 
S (z),¢ (z), C (z)= Ricatti Bessel functions and functions 
n Y n related to Hankel functions 
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I. INTRODUCTION 
Fundamental entities in the study of aerosols are 
their mass, number concentration and size distribution. In 
an expansion cloud chamber these quantities change with 
respect to time and one is required to understand the 
affects of factors such as the degree of supersaturation, 
heat and mass transfer, vapor depletion, nucleation and 
droplet growth phenomena. 
There are various techniques and instruments available 
for determining the concentration and size distribution of 
aerosols. Usually the particles are removed from suspension 
by filtration, sedimentation, electrostatic or thermal 
precipitation or impactor sampling. The collected particles 
may then be counted, weighed and observed under an optical 
or an electron microscope, or the concentration estimated 
from opacity or the reflectivity of the surface on which 
the particles are collected. The latter technique is the 
basis of several sampling devices. In aerosol counters the 
properties of individual particles are studied by optical 
techniques. 
The available methods are not suitable when it is 
necessary to determine the concentration and the size 
distribution of particles without removing them from the 
system, as in the study of water-droplets in cloud chambers, 
sprays, ice fogs, etc. In some cases, Stokes' law provides 
calculations which give a rough idea of the size distri-
bution; however, photomicrography and light scattering are 
2 
more suitable to the problems encountered in a cloud chamber. 
Photomicrography combines high-speed photography with 
optical microscopy and is suitable when the sample volumes 
of a few hundreths of a cubic millimeter are sufficient, and 
when the sizes of the particles remain within narrow limits 
due to the high magnifications involved. The light 
scattering technique has the following advantages: 
(1) It can be used to study the system as a whole without 
introducing any significant perturbations; 
(2) A sample volume of a few cubic centimeters allows the 
study of particle diameters in the submicron as well 
as in the micron range; 
(3) Continuous and instantaneous recording of data allows 
the system changes to be closely followed. 
The disadvantages of using light scattering for particle 
size analysis can be summed up as follows: 
(1) The multivaluedness of scattering functions with 
respect to size requires numerous calculations so that 
interpolations in size are possible; 
(2) At the submicron-micron threshold, the method requires 
several simultaneous data samples to analyze the size 
distribution at one instant; 
(3) The uniquesness of the solution has to be investigated 
in detail in each case. 
He-Ne lasers are important in the remote probing of 
3 
particulate systems as they provide continuous, high-
intensity source of plane, monochromatic, electromagnetic 
radiation. 
This investigation presents: 
(a) theoretical computations using Mie theory; 
(b) an evaluation of the usefulness of light scattering 
techniques for probing cloud chamber particles. 
A list of computations which are useful for various 
types of particles is cited in Chapter II. The method of 
computation used in this study along with the computer 
program and its accuracy are discussed in Chapter III. 
A critique of Mie scattering theory lS presented in 
Chapter IV. The intensity functions i 1 , lz (p. 19) and 
K(m,a), E(m,a) (p. 13) are defined and their physical 
significance is explained. The scattering and extinction 
techniques used in determining the size distributions in 
aerosols are presented. The influence of such particle 
properties as shape, size and refractive index are discussed. 
A random spatial distribution of particles is assumed. The 
suitability of scattering and extinction techniques to 
water-drop size distributions in a cloud chamber is presented 
in Chapter V. 
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II. LITERATURE REVIEW 
The scattering of an electromagnetic wave by a 
homogeneous, dielectric sphere was studied by Mie. 1 Mie's 
analysis is used in the computational scheme as well as in 
the experimental aspects of this study. 
Mie's analysis for a sphere presents a method for 
computing the angular intensity functions 1 1 and i 2 which 
are used to determine the intensity of light scattered in 
any direction and the scattering coefficient K(m,a). The 
solutions are expressed in terms of a series of expressions 
of the scattering coefficients An and Pn, which have to be 
evaluated for a number of terms n greater than a. Appli-
cation of Mie's analysis has been made possible through 
the advent of the electronic digital computer. Van de Hulst 2 
and Kerker 3 summarize the important Mie scattering compu-
tations up to 1963. 
For water-droplets dispersed in air at 25°C, Denman, 





The above authors have used 5460.7 ~as the wavelength of 
the incident radiation and cover a range of droplet 
diameters from 0.04 to 5 microns. 
All existing tabulated Mie values are primarily for a 
single sphere or for spheres of uniform size, while the 
majority of the natural and the artifically produced systems 
have definite size distributions, either finite or con-
tinuous. Under the assumptions of single and independent 
5 
scattering the tabulated information can be used to 
calculate the intensity scattered by a spherical polydis-
persion, if the tabulated values can be interpolated to 
allow a distribution function to be integrated using these 
values. 
Deirmendjian 5 has tabulated scattering matrix elements 
Pk(e), k = 1,2,3,4; for six model distributions of the type, 
(1) 
His tabulations cover the wavelengths from 0.45 microns to 
8.0 centimeters in the microwave region. 
In identifying a distribution by two parameters a 
m 
(the modal value) and o
0 
(the variance), Kerker, et al. 6 
used a Zero Order Logarithmic Distribution (ZOLD) of 
particles for integrating the Mie intensities i 1 and i 2 . 
They compare their experimental data with the ratio of 
integrated intensities called the Polarization Ratio p(8). 
P C e) 
r 2 (e) jp(a)i 2 (e,a)da 
= = 
Il(e) fp(a)i 1 (e,a)da 
(2) 
Stevenson, et al. 7 also used integrated intensities to 
determine a spherical polydispersion by two parameters p and 
q; p being the smallest value of the particle size parameter 
of the distribution and q, a non-dimensional spread of the 
distribution. They calculated the Scattering Ratio p(p,q) 
for one value of e but for various wavelengths and have made 




The values of p(p,q) thus calculated can be used to 
determine intensity ratio at an angle e for a theoretical 
distribution a(p,q). 
As a first step towards determining the size distri-
bution of water-droplets in a cloud chamber, the intensity 
functions i 1 ,i 2 and Scattering Coefficient K(m,a) are 
tabulated in this investigation for water-droplets dispersed 
in air at 25°C. The incident radiation is assumed to be 
coming from a He-Ne laser (6328 ~). The effects of the 
temperature variation in a cloud chamber and of a finite 
photomultiplier acceptance angle on the tabulated quantities 
are discussed. 
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III. METHOD OF COMPUTATION AND ACCURACY 
The equations defining the angular scattering functions 
i 1 ,i 2 , the scattering coefficient K(m,a) and the related 
equations are given in Appendix A. 
In Appendix B these equations are simplified to a 
computable form and the computer program is presented. The 
tables in the Appendix C show the variation of the scattering 
cross section K(m,a) and the intensity functions i 1 and i 2 
with the size parameter a for the angles y = o9:: s<) 18 0°. The 
method of computation and accuracy in the tabulated values 
1s discussed here. 
The Ricatti-Bessel functions Sn(z), Sn' (z) and the 
functions ¢ (z), ¢' (z) related tc Hankel functions used in 
n n 
defining the coefficients An and Pn are first substituted 
by half-order Bessel functions J + 1 (z), J 1 (z) and their n "2 -n-"2 
derivatives. The equations are then further simplified so 
as to bring them into a form suitable for numerical compu-
tation. During simplification, some terms cancel which may 
reduce errors during numerical computation. 
The spherical Bessel functions J + 1 (z) and J' 1 (z) are n "2 n+"Z 
tabulated extensively 8 , but since many values are needed, 
they are evaluated in the computer program. The series for 
i 1 and i 2 converge rapidly for values of n greater than a, 
due to a rapid decrease in An and Bn in this region. 9 The 
number of terms needed to reduce the largest of IRCAn' I, 
IRCPn) I, IICAn) I, and IICPn) I to less than 1.0 x 10- 7 is 
8 
determined for each a by a separate program. These numbers 
agree very well with Gumprecht and Sliepcevich's 10 tabu-
The angular functions TI and TI 1 are evaluated using 
n n 
lation. 
recursion formulae given in Appendix A; the number n being 
determined as explained above. 
The values of i 1 , i 2 and K are then computed using 
equations (13), (14) and (15), respectively, from Appendix A. 
Double precision arithmetic is used throughout the program. 
The results are rounded up to six significant figures for 
0 0 0 ~y~l40 and up to eight significant figures for 
145°~y~l80° because the i 1 and i 2 values are often greater 
5 than 10 for these angles. 
In summing the large number of terms in equations (13-
15), Appendix A, cancellation of significant figures occurs 
because the angular functions Tin and TI~ are alternately 
changing sign. It is, therefore, impossible to predict the 
exact number of significant figures in every entry in the 
tables. However, the terms An and Pn decrease with 
increasing n and hence only the last few digits are 
affected by cancellation. 
Table 1 shows the intensity functions calculated for 
m = 1.333, using the present program and those tabulated 
by Denman, et al. 4 The present calculations are tabulated 
to show one more digit than that tabulated by Denman, et al. 


































































































































Values i 1 ,i 2 computed using present program, and iy,iz 
computed by Denman, et al. 4 
10 
may be due to: 
(1) Only five significant digits are tabulated by Denman, 
il i2 
et al., who have tabulated~'~ instead of i 1 and i 2 ; 
Ci. Ci. 
(2) The above authors used a mixture of machine language 
and fortran program with only seven digit accuracy in 
calculating Bessel functions excluding the values that 
are very small. 
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IV. CRITIQUE OF MIE SCATTERING THEORY 
A. General: 
The general equations, usually referred to as Mie 
equations, give the intensity of light scattered by a 
homogeneous sphere or an assembly of identical spheres. 
For spheres that are very small relative to wavelength, the 
equations assume a simpler form originally derived by 
Lord Rayleigh. 11 For particles that are very large compared 
to wavelength of incident radiation, scattering occurs on 
the basis of Kirchoff's diffraction, external reflection 
and transmission with reflection. 
The particulate systems in nature consist of particles 
varying in size as well as in shape. The applicability of 
scattering and extinction techniques in determining the s1ze 
distribution in such systems is discussed below. 
The factors which determine the intensity scattered by 
a particulate system are: (1) concentration; (2) particle 
s1ze; (3) particle shape and (4) refractive index. The 
methods used in determining the size distribution or mass 
concentration of a particulate system can be divided into 
two groups: (1) Methods of Extinction (Absorption plus 
Scattering) and (2) The Methods of Scattering. The 
restrictions on concentration which apply equally to the 
methods in both groups are discussed in this section. The 
affects of particle size, particle shape and particle 
refractive index are discussed separately. 
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1. Concentration 
If the particle concentration is low enough to 
assume (1) Independent Scattering and (2) Single Scattering, 
the intensity scattered by a particulate system can be said 
to be the summation of intensities scattered by the indi-
vidual particles of the system. 
a. Independent Scattering 
The assumption of Independent Scattering implies 
that the waves scattered by randomly positioned particles and 
corning from the same incident beam do not have systematic 
phase relations between them and the intensities scattered by 
them can be added without regard to phases. A mutual dis-
tance of three times the radius is sufficient to insure 
independence. 2 This allows a particle in a rather dense 
suspension to be an independent scatterer. 
b. Single Scattering 
This implies the absence of multiple scattering 
or a wave scattered by a particle reaches the observing 
system without being intercepted by other particles in the 
medium. In multiple scattering each particle is exposed to 
the waves scattered by other particles and the incident wave 
suffers attenuation by more than one particle. In multiple 
scattering, the intensity scattered by independent particles 
cannot be assumed to be a simple summation. Multiple 
scattering is a complicated phenomenon. The particles may be 
far enough apart to be treated as independent scatterers but 
may not be sufficiently far apart to avoid multiple scattering. 
13 
The exact distance between the particles to exclude the 
possibility of multiple scattering is not known; however, 
one may expect affects due to it when: (1) Increase in 
the concentration of monodisperse suspension does not 
increase proportionally the scattered intensity and 
(2) When the intensity of the incident beam is attenuated 
by a factor e-T, where T>O.l. 
B. Light Extinction by Particles: 
1. Definitions 
The Extinction Coefficient E(m,a) is defined 
as: 
E(m,a) = Total Flux Scattered + Absorbed bh a Par!icle ( 4 ) Flux Geometrically Incident on t e Partlcle 
Absorbing particles have a complex refractive index of the 
form: 
m = m0 (1-ik) (5) 
where k is called the absorption coefficient of the material. 
The non-absorbing particles have a real refractive index and 
in this case the Extinction Coefficient E(m,a) equals the 
Scattering Coefficient K(m,a). 
K(m,a) = Total Flux Scattered by the Particle Flux Geometrically Incident on the Particle ( 6 ) 
If the unit volume of a suspension contains n particles 
of projected area a, if t denotes the path length and if f 
14 
and f 0 denotes the transmitted and the incident flux, respec-
tively; then the Lambert-Beer law is: 
f/f 0 = exp(-naEt) 
f/f
0 
is called the Transmittance and T = naEt is called 
the Turbidity. 
(7) 
If in a polydispersed suspension E does not vary over 
the size range, then the root mean square diameter of the 
suspension is given by: 
(8) 
a, being the mean projected area of the suspension. 
2. Extinction by Spherical Particles 
When a<0.3, the particles are in the Rayleigh 
Scattering regime and 
for real m 
2 
E = 4a m(m -1) 
(m2+2)2 for complex m 
8a 4 E = ~ for perfectly conducting 




A typical graph for a single sphere with real 
refractive index m = 1.33127 and a>0.3 is shown in Figure 1, 
Curve A. The maxima occur for 
4.0 
A: m = 1.33127 








(n-~)TI (12) (m-1) 
and the minima for 
a ~ 
(n+~)TI (13) (m-1) 
The heights of maxlma increase with the refractive index 
and the oscillations become more irregular. With an increase 
in a, the oscillations are reduced in amplitude and the 
scattering coefficient settles to the value 2. For a water-
droplet in air at 25°C, the curve shows less than 15% 
variation for K for a greater than 25 and for a greater than 
30 the variation is less than 10%. 
The curve is typical for an absorbing sphere (m=l.33-0.3i) 
with the real part of refractive index nearly the same as 
for a water-drop. The extinction coefficient curve rises 
more steeply from the origin and settles to the value 2 with 
no oscillation. The oscillations decrease with an increase 
ln the absorption coefficient k of the particle. 
3. Extinction by Non-Spherical Particles 
For particles in the Rayleigh Scattering region 
a<0.3 the extinction coefficient E is not affected by the 
particles shape at a given particle volume. 






for transparent particles, and 
Clml-1) for absorbing particles. 
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In the intermediate size range, very few Mie theory 
calculations have been made for non-spherical particles. 
Napper and Ottewill 12 and Berry 13 have shown experimentally 
that the extinction curves for isometric particles such as 
cubes and octahedra differ very little from the curves for 
spheres. 
The extinction coefficient of a non-spherical particle 
which is not axially symmetric about the direction of 
illumination or that of an assembly of such particles not 
oriented at random, varies with the plane of polarization. 
Hodkinson 14 presents a review of some experiments with 
non-spherical particles up to 1966. 
4. Analysis of Extinction Measurements 
Extinction measurements on aerosols are easy 
to make and yield a moment of the distribution of a poly-
dispersion. For unknown particle Slze or composition, three 
different known wavelengths, separated by a few hundred 
Angstr5ms should be used. Varying the wavelength varies the 
size parameter a and, in effect, traces a portion of the 
extinction coefficient curve for the particulate suspension. 
If the extinction measurements are equal at several wave-
lengths, i.e. same T, it may be assumed that they lie on 
the horizontal portion of the extinction coefficient curve 
for irregular particles larger than the limiting values given 
in different cases. The projected area concentration na 
can be then calculated from Lambert-Beer Law and the 
particle mean area diameter estimated from one observation 
if the concentration is known. 
Dobbins and Jizmagian 15 have given a method of 
determining the volume surface mean radius a 32 of a 
distribution from extinction measurements. A single 
18 
measurement of turbidity in this method gives a 32 if the 
concentration is known and two readings at widely 
separated wavelengths will give the concentration and 
a 32 for the distribution P(a). 
The volume surface mean radius a 32 is defined as: 
The mean extinction coefficient Qsca lS defined as: 
Qsca 
where Qsca = E. 
(14) 
(15) 
For different distributions they have plotted the 
curves of Qsca/a 32 , which are independent of the particular 
form of the distribution so that a single reading may give 
a 32 for a known concentration. 
Hodkinson 14 has presented a method of determining the 
mean diameter of a spherical polydispersion from extinction 
measurements at a few well separated wavelengths. The 
method consists of fitting the theoretical curve of E versus 
a with the experimental curve drawn with the points (x.,y.), 
J J 
where j denotes the jth observation and 
£n (f /f ) . 
= TI 0 J 
xj Aj ' Yj = £n(f/fo)l (16) 
19 
C. Light Scattering by Particles: 
1. Definitions 
When a particle lS illuminated by unpolarized 
light of unit intensity per unit beam cross-section area; 
is the intensity of the scattered component 
whose electric vector is perpendicular to the 
plane of observation lplane AOC in Figure 2) 
lS the intensity of the scattered component 
whose electric vector is parallel to the 
plane of observation. 
When the particle is illuminated by plane 
polarized light of unit intensity per unit beam cross-
section area; 
lS the intensity of the scattered component whose 
electric vector lS perpendicular to the 
electric vector of the incident beam 
ls the intensity of the scattered component whose 
electric vector lies in the plane formed by the 
electric vector of the incident beam and its 
direction of propagation. 
2. Scattering by Spheres 
Figure 2 shows the scattering plane and the 
scattering angles 8 andy as commonly defined in literature. 
When a<0.3 the particles scatter according to 
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FIGURE 2. Scattering by a Particle 
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i 1 (y) and i 2 (y) are given by: 
(17) 
(18) 
Figure 3 shows the scattering patterns for a sphere in 
Rayleigh region. The component i 1 gives a circular pattern 
with equal intensity in all directions; and i 2 gives a 
figure eight pattern with equal intensity in the forward 
and the backward directions. The scattered light is plane 
polarized at 90° regardless of the type of the incident 
beam. The total intensity scattered per particle increases 
as the sixth power of the size parameter and as the inverse 
fourth power of the wavelength. The angular distribution 
of intensities does not change with particle size or shape. 
The scattering by lightly absorbing particles which 
have a complex refractive index is nearly the same as that 
by non-absorbing particles with an equal real component of 
refractive index m in equation (5). 0 
With increase in particle size a>0.3, the scattering 
per particle increases less rapidly with the parameter a, 
and the scattering pattern becomes more forward directed and 
it develops angular maxima and minima, in addition to the 
principal forward maximum. The number of maxima in the 
pattern between the forward and backward direction is 
22 
FIGURE 3. Rayleigh Scattering Patterns for a Sphere 
23 
approximately a. Figure 4 shows the intensity pattern i 1 
(for a=S) for a water drop in air from the values given in 
Appendix C. The curve has 5 maxima and lS smooth with the 
second maximum equal to about 2% of the principal maximum. 
Figure 5 (Curve A) shows the scattering pattern of the 
. . il+i2 
average lntenslty 2 for water drop in air with a=20 or 
approximately 4 micron diameter, plotted from the values in 
Appendix C. Note also that between 8=0 to 8=60° there are 
six maxima rapidly decreasing in magnitude as the angle 
departs from the forward direction. The angular spacing 
. 180 0 between maxima is approxlmately ---=9 which indicates that 
a 
the interpolation between the computed values at 5° intervals 
is precarious. Curve B in the Figure 5 is calculated by the 
Fraunhofer diffraction theory. The intensities calculated 
by it seem to correlate well in the forward lobe as one may 
expect that the Fraunhofer diffraction pattern to approximate 
Mie calculations in the forward lobe for higher values of a. 
The occurrence of maxima becomes more irregular with an 
increase in the size parameter a. 
Figures 6 and 7 present the intensity functions i 1 
and i 2 as a function of a for s:attering angle y=l50° (8=30°). 
The intensities increase with increased particle size. The 
graphs show oscillations with increasing amplitude as the 
size parameter increases. Up to about a=7 the intensity 
functions may be assumed single valued but at higher values 
of a the function may have the same value for several values 
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to use Mie theory calculations to determine a unique 
distribution and approximations such as the Fraunhofer 
diffraction have to be used. 
28 
If the particles are monodispersed and if a mono-
chromatic beam is used, Mie theory calculations will be 
required to predict the angular distribution patterns up 
to a=300. However, for a polydispersion of spheres or when 
the incident beam is not monochromatic, the complexities of 
Mie patterns is reduced and for smaller values of a~30 or 
40 the scattering pattern may be approximated by Fraunhofer 
diffraction. Using white light as the incident radiation 
and photomultipliers sensitive to visible radiation have the 
effect of introducing a size parameter range 3:1 for a 
monodisperse suspension. Mie calculations are more 
complicated for a monodispersed suspension which favors 
extinction measurements. 
Figures 8 and 9 show the variation in the intensity 
functions i 1 and l 2 , respectively, with a, computed for mean 
scattering angle 8=30°, using the program in the Appendix C. 
The scattered radiation is assumed to be collected over an 
angular spread of 2° and the intensities being the average 
value calculated at an angular interval of 0.4° between 
8=29° and 31°. Comparison between the magnitudes in 
Figures 6 and 7, and 7 and 9 shows that for a<20 the 
variation is less than 2 ~ 0 • However, for higher values of 
a, the angular interval between a maximum and a minimum of 
an intensity function is comparable with the 2° angular 
800 e mean = 30° 
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spread assumed in these computations and the averaging 
process may reduce oscillations. As the instruments used 
in analyzing scattered radiation have a finite receiving 
angle more computations should be made to make definite 
deductions. 
For moderately absorbing particles, the scattering 
patterns calculated from Mie theory and from diffraction 
and external reflection correspond down to a particle size 
of about 
a - Stn(;·~) 
0 
where m and k are given in the equation (5). 
0 
For a polydispersion with a 2:1 size distribution range 
and for small angles in the forward lobe, Mie patterns 
resemble scattering by diffraction reflection and refraction 
for a>20. 
The scattering from strongly reflecting spheres differs 
in some respects from transparent and moderately absorbing 
particles. For a perfectly reflecting sphere (m+oo) and 
a<0.3, the patterns are given by: 
4 2 
ll = a [l-cos(y)J (19) "21T 2 
4 2 ( 2 0) l2 = z'IT[cos (y)+~] 
The patterns are not symmetrical, the backward scattering 
being nine times the forward scattering and i 2=0, when 
y=l20°. When a>.3, the scattering pattern becomes more 
32 
forward directed and when a>3, the scattering pattern 
approximates to the scattering by Fraunhofer diffraction 
and external reflection. 2 
3. Scattering by Non-Spherical Particles 
While theoretical calculations exist for many 
examples of spherical particles, those for non-spherical 
particles are very few. The scattering problem can be 
solves for only a few mathematical shapes and hence the 
remarks about the scattering patterns of non-spherical 
particles are based primarily on experiments as well as on 
simplified approximate calculations in special cases. 
a. Small Particles 
In the Rayleigh scattering region a<0.3, 
the angular distribution of the scattered intensities is 
the same for all particle sizes and shapes and refractive 
indices, unless the particles are strongly reflecting 
(m+oo), in which case the scattering diagram is backward 
directed. If the particle is not spherical, the volume 
2 
polarizability parameter (~) is replaced by an appropriate 
m +2 
shape parameter, 2 which does not differ much numerically 
from a sphere unless the shape is extreme such as a long rod 
or a thin disk. 
b. Particles Comparable with Wavelength 
Very few Mie theory calculations for non-
spherical particles larger than Rayleigh scatterers have 
been made. A large number of calculations for particles 
33 
which compare in size with wavelength are made in the 
special case a(m-1)~1, called Rayleigh-Gans approximation. 
Each element of the particle is considered as a Rayleigh 
scatterer and all elementary contributions in a particular 
direction are then compounded taking account of the phase. 
The calculations give a factor P(8) by which the Rayleigh 
pattern must be multiplied to give the scattered intensity 
in a particular direction 8 for the particle. Kerker 3 has 
tabulated the form factors P(8) for shapes such as 
concentric spheres, spheres with Gaussian distribution of 
polarizability, random coils, straight chain of spheres, 
infinite circular cylinder at perpendicular incidence, 
cylinder with a finite length of axis, two parallel circular 
cylinders at perpendicular incidence, ellipsoids and cubes. 
Using an approximation similar to Rayleigh-Gans, 
Slutsker and Marikhin 16 have calculated scattering patterns 
for non-absorbing square slab. 
The only shape which seems to be treated with generality 
regarding diameter, orientation and the refractive index is 
a cylinder with circular cross-section. Although few 
calculations exist for other shapes, isometric particles in 
the range 0.3<a<20 may have scattering patterns similar to 
spheres of equal volume. 1 ~ 
c. Particles Large Compared to Wavelength 
Although the diffraction patterns of 
individual non-spherical particles which are large compared 
to wavelength vary with their shape, the resultant forward 
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diffraction lobe for an assembly of non-spherical particles 
in random orientation does not differ much from that for an 
assembly of spheres equal in projected area to the irregular 
particles. 
Measurements on forward scattering of coal and quartz 
particles by Ellison 17 confirm that the angular distribution 
of scattered intensity near the forward direction approxi-
mates to Fraunhofer diffraction by disks. Hodkinson's 18 
measurements on quartz and coal dust in water confirm the 
same. 
For large irregular shapes, the angular distribution of 
light scattered by external reflection should be the same 
as for an assembly of large spheres, since the surface of a 
large sphere offers a probability of reflection for all 
angles of incidence, equal to that offered by an irregular 
surface. Similarly, the average angular distribution after 
the first refraction of light as it enters the large 
irregular particle will be the same as for a sphere, but the 
deviation at the second refraction will not be the same as 
the first refraction for a sphere.The scattering by large, 
non-spherical opaque particlesshould agree with the spherical 
case, since there is scattering by diffraction and external 
reflection only. 
Hodkinson 14 has measured the angular scattering pattern 
for quartz suspension and diamond dust in water at three 
different wavelengths and has compared it with the 
scattering calculated from diffraction, refraction without 
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external reflection and external reflection. At a given 
angle outside the forward lobe and for a<lS, the scattering 
per unit particle projected area is independent of size and 
wavelength. When the scattering angle is well within the 
refraction region for- spheres [2cos- 1 (1/m)] the measured 
scattering approximates to that calculated for spheres from 
diffraction, refraction and reflection. Hodkinson and 
Greenleaves 19 have shown that the intensities calculated from 
Mie theory for polydisperse spheres do not approximate to 
refraction or reflection scattering close to and outside 
the refraction limiting angle until a>lOO. As the scattering 
angle increases from the forward direction, so does the 
lower limit of a at which refraction and reflection scattering 
approximate to Mie values. 
D. Analysis of Scattering Measurements: 
The light scattering measurements are most effective for 
particle sizes comparable to the wavelength of the incident 
radiation. In this case the light scattering method can be 
used to identify a spherical polydispersion by two parameters 
such as the mean and variance of the distribution. Methods 
are discussed for three groups of particles (1) particles 
small compared to wavelength; (2) particles comparable with 
wavelength and (3) particles large compared to wavelength. 
1. Small Particles 
The scattering diagram is similar for all 
particles with the size parameter a<0.3. It is impossible, 
36 
therefore, to infer size from the scattering diagram. 
The method outlined by Van de Hulst 2 ls as 
follows: 
(1) -The real part n of the refractive index of a medium 
containing Rayleigh Scatterers is given by 
n = 1 + 2TIZN (21) 
where Z is the polarizability of a particle and N is 
the number of particles per unit volume. Thus the 
quantity NZ can be obtained from the refractive index 
of the medium, and 
(2) The extinction measurements give the quantity NZ 2 . 
From these two measurements, both N and Z 
can be determined. For known composition of the particles, 
therefore, we can find the particle volume from the polari-
zability Z. 
For a single size, similar, solid or 
liquid droplet in this region, one measurement of refractive 
index gives the volume concentration NV since the polari-
zability is proportional to the volume of a particle. 
Oster, et aJ. 20 have used Rayleigh-Gans 
approximation to determine the size of tobacco mosaic virus. 
The particles are approximately thin rods with 0.015 micron 
diameter and an average length of 0.270 micron. These 
authors determine the diameter by disymmetry measurements 
and the average length from molecular weight measurements. 
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2. Particles Comparable with Wavelength 
The methods in this range of particle s1ze 
0.3<a<l0 or 15 are (1) Angular disymmetry measurements; 
(2) Polarization Ratio Method; and (3) Scattering Ratio 
Method. 
a. Disymmetry Measurements 
The disymmetry is the ratio of scattered 
intensities at two angles symmetrical about 90°. 
z c e) = I(6) I (180-e) (22) 
where I can be the average intensity or i 1 or i 2 . As a 
increases from 0.3 to 5, the 45°,135° disymmetry increases 
monotonically from 1 by an order of magnitude and the 90° 
polarization ratio increases from zero to a value of 3.0; 
when a=2. The method for determining the particle size of 
monodispersed aerosols is to determine the disymmetry ratio 
at two angles symmetrical about 90° and compare it with the 
values computed using Mie Theory. Angles other than (45°, 
135°) and (90°,90°) can be used depending upon the refractive 
index of the particles. 
b. Polarization Ratio Method 
In this method of determining the distri-
bution of spheres 6 the polarization ratio p(6) given by 
equation (2) is determined experimentally at various angles 
for incident monochromatic light. The experimental values 
are then compared with those computed using Mie Theory and 
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stored on punched cards. The best fit between the experi-
mental data and the computed values are then used to deter-
mine the distribution by two parameters am, the modal value 
and o 0 , the variance. The values stored on the punched 
cards are computed assuming a SOLD (Zero Order Logarithmic 
Distribution) function and where a comparison is made at as 
many as 19 angles, 8=30°(5°)130°. 
This method has been used 1n determining 
distributions in sulfur solutions, octanic acid aerosols, 
silver chloride aerosols, polystyrene latexes, sulfuric 
acid aerosols and a unique solution has always been obtained. 3 
c. Scattering Ratio Method 
This method 7 uses the variation in the 
scattering ratio p(p,a), defined in equation (3) with the 
wavelength at a particular angle of observation. The 
quantities are p, the smallest value of the size parameter 
present in the distribution, and the dimensionless parameter 
q giving the spread of the distribution. 
Heller and Wallach 21 have utilized this 
method to determine the size distribution in a polystyrene 
latex polydispersion. The dispersion was obtained by mixing, 
selectively, eighteen relatively monodisperse latexes. They 
have used the scattering ratio spectrum obtained at 90° over 
a range of wavelengths A=4510 Angstroms to 5970 Angstroms. 
Their results agree with the electron microscopic data. 
This method is also useful for narrow size distributions. 
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3. Particles Large Compared to Wavelengtl1 
The angular scattering patterns for a sphere 
180° 
show maxima and minima spaced ( ) apart. The patterns 
a 
become irregular with an increase in the particle size and 
refractive index. The methods based on angular distribution 
of scattered intensity become impractical for a>l5 or 20. 
If the particles can be separately observed, 
particle counters are suitable for determining the size 
distribution of a system of particles. 
For higher values of a, the extinction coeffl-
cient settles to the value 2 and extinction measurements offer 
an easy way to get the mean particle size. In this range 
the diffraction pattern in the forward direction approximates 
more and more to a Mie pattern and methods based on diffrac-
tion theory become more effective for larger particles. 
For water-droplets above 5 microns in diameter, determining 
sizes of diffraction rings in photographs using laser 
illumination also offer a useful method of determining the 
particle size. 22 
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V. DISCUSSION 
Applicability of the scattering and extinction 
techniques in determining size distribution of water-drop-
lets in a cloud chamber is discussed here. The angular 
intensity functions i 1 and i 2 and the scattering coefficient 
K(m,a) have been tabulated ln Appendix C for water-drops 
dispersed in air at 25°C. The value of refractive index 
m=l.33127 used here is according to Tilton's 23 tabulation 
of refractive index for water between 0°C and 60°C. 
In a cloud chamber there is a considerable variation 
in the temperature during the main expansion, re-evaporation 
and compression. To determine droplet distribution when 
their temperature lS changing, one has to determine the 
variation with temperature of the light scattering functions 
which can be used to obtain the distribution. For a fixed 
source of incident radiation (He-Ne laser radiation), the 
effect of a change ln temperature is to increase the 
refractive index from 1.331 at 25°C to 1.333 at about 
-7° or -10°C, and at about 30°C the refractive index of 
water-droplets lS 1.330. As this is the temperature range 
encountered in a cloud chamber, the affect of temperature on 
the tabulated values, in general, is discussed here. 
0 Figure 10 shows the percent variation in i 1 at 8=30 
between the temperature of 25°C and about -10°C. For a<lO 
the variation is less than 2 ~ 0 • For a values up to 30, the 
variation is less than 10%. For higher values of a, however, 
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the oscillations in the curve suggest that variation will 
increase beyond 20 to 30%. 
Figure 11 shows the variation in the polarization 
ratio at 8=30° over the same temperature range. In this 
case the variation is less than 2% for a less than 10, less 
than 10% for a<30, and increasing fluctuations indicate 
an irregular increase in the percent variation with a. 
Figure 12 shows that for values of a up to 50, a 
variation of less than 3% occurs in the value of K(m,a) for 
the same temperature range. Because K approaches a constant 
value 2 of 2 with increasing a the variation is expected to 
stay within this limit. 
Though Figures 10 and 11 are plotted for one particular 
angle, the limits are expected to be nearly the same and for 
all angles l 1 , i 2 and i 2/i 1 can be expected to vary less 
than 5% in the temperature range of -10°C to +30°C for a 
less than 10. 
The tabulated values of the intensity functions and the 
intensity functions which can be obtained for any theoretical 
distribution using the computer program in Appendix B are 
useful in two particular regions (1) a>25 for extinction 
measurements and (2) 0.3<a<l0 for angular scattering 
measurements. 
H is observed from the extinction Curve A of Figure 1, 
that assuming a constant value of 2 for K an error is less 
than 25%. The error in the mean size or the projected area 
concentration obtained from Lambert-Beer Law should be of 
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the same order of magnitude. The simplicity of extinction 
measurements suggests their use for a mean particle diameter 
of 6 microns or larger during re-evaporation. 
The variation in the polarization ratio i 2/i 1 with a 
has been plotted in Figures 13, 14 and 15 for various 
values of e. For angles 8=20° and 8=30°, the polarization 
ratios are monotonic approximately up to a=?, and up to 
a=lO, the variation is small. At 8=60° the polarization ratio 
has three maxima between a=O and a=lO. As we depart from 
the forward lobe, the polarization ratio oscillates for 
smaller values of a. At 90° the polarization ratio increases 
from 0 to a value of 2.65 at a=2.8 and then oscillates 
with an increase in a. In the backward direction 8>90°, 
the ratio oscillates for smaller values of a, and except for 
high peaks, the average value is low. The individual 
intensities i 1 and i 2 are also low in this region. 
Figures 8, 9 and 16 show the variations in i 1 , l 2 and 
i 2/i 1 , respectively, plotted for water-drops, assuming that 
the scattered radiation is received over a small angular 
spread 68=2° at the mean scattering angle 8=30°. At a=lO 
the angular distance between a maximum and a minimum is 
. 180 0 approxlmately za-=9 and it is expected that the values 
should not change much from those calculated assuming no 
angular spread. More computations are needed to study the 
dampening effect that the averaging process used in such 
calculations may have on the tabulated values. 
A: 8=30° 
4 B: 8=90° 
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The polarization ratio method seems to be suitable for 
droplet size determination during drop nucleation for the 
following reasons: 
(1) The variation in the polarization ratio 1s smooth in 
the region 0.3<a<l0; 
(2) the effect of temperature on the computed values lS 
negligible; 
(3) the smooth variation and the computing time of a few 
seconds facilitate the integration of any theoretical 
distribution function using a digital computer; 
(4) this is the size range of interest during nucleation 
or in the main expansion and 
(5) the method has been reported to be successful in the 
case of a number of different aerosols. 
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VI. SUMMARY AND CONCLUSIONS 
The angular scattering functions i 1 , 1 2 and the 
scattering coefficient K(m,a) have been computed for water-
droplets between 0 to 20 micron diameter, using Mie Theory. 
A step size of 0.2 micron and an angular interval of 5° have 
been used as a practical limit to the tabulation. A com-
putational scheme to determine these functions for a real 
refractive index with any smaller step size or angular 
interval is discussed. The computational scheme can also 
be used to integrate a theoretical distribution function 
using the computed intensity values by supplementing the 
program with proper cards. A critique on the scattering 
theories as to their applicability to different aerosol 
systems is given. 
For water-droplets in a cloud chamber during nucleation, 
the polarization ratio method may be very useful in 
identifying the distribution by two parameters. This method 
has been successful for various aerosols, 3 but needs detailed 
investigation as to its applicability to cloud chambers. 
The negligible variation in the polarization ratio with 
temperature would avoid separate computations for different 
temperatures. 
For droplets greater than 5-6 micron diameter the 
projected area concentration can be obtained by simple 
extinction measurements or the volume surface mean radius 
can be determined using the method of Dobbins and Jizmagian. 15 
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For very large diameters, the holographic technique or 






Using Gumprecht and Sliepcevich's 10 nomenclature, the 
equations defining intensity functions i 1 , i 2 , the scattering 
coefficient K(m,a) and the coefficients An and Pn are given 
in Section 1. The sections 2 and 3 give recurrance relations 
and the starting values, respectively, which are used in 
the numerical computations. 
Al. Mathematical Definitions 
Znr the · t a = --A- SlZe parame er (Al) 
s = rna (A2) 
X = cos(y) (A3) 
nn(T) 
ClPn(T) 
= 3T (A4) 
a
2P (T) 
1T I (T) n = 
aT 2 n 
(AS) 
1 
Sn(a) = cr-);-z Jn+~(a) (A6) 
Cn(a) = (-l)n(T)!2 J -n-~ (A7) 
cpn(a) = S (a) + iC (a) n n (A8) 
S~(a) 
asn(a) 
= Cla (A9) 
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cP' (a) = 
n (Al 0) 
= (-l)n+~(Zn+l) S~(S)Sn(a)-mSn(S)S~(a) 
[ n(n+l) J[s, (S)¢ (a)-m¢' (a)S (S)] 
n n n n 
(All) 
( -l)n+3/2) (Zn+l) mSn (a)S~ (S) -Sn (S) S~ (a) 
Pn = [ n(n+l) ][m¢ (a)S'(S)-S (S)¢ 1 (a)](AlZ) 
n n n n 
n=oo 
1 1 = [ L {A TI +P [Tn -(l-T
2 )n']}]2 
n=l n n n n n 
n=oo 
1 2 = [ L {A [xn -(l-x 2 )n']+P n }] n=l n n n n n 
K(m,a) 




(n-1) TI -n-1 
n~ = (2n-l) nn-l + n~_ 2 
Jn+l(z) 2n [J (z) z n Jn-l(z)] 
J'(z) = ~[J 1 (z)- J +l(z)] n n- n 
where for Bessel functions 
n = 
2p+l 









and z = a. or z == s (A2l) 
A3. Starting Values 
J 1 ( z) = }';r sin(z) (A2 2) 
"2 TIZ 
J 1 ( z) = ;T cos(z) (A23) 
-"2 7TZ 
TI (T) 0 (A24) 
0 
TIl (T) l (A2 5) 
n 2 (T) 3T (A26) 
n 3 (T) ~ T2 
3 (A2 7) = - 2 2 
TI I (T) = 0 (A28) 0 
nl(T) = 0 (A29) 
n 2cr) 3 (A30) 




Ricatti Bessel functions Sn(z), Sn(z) and the functions 
¢n(z), ¢~(z) related to Hankel functions used in the 
definitions of A and P are substituted by half order Bessel n n 
functions and their derivatives. The simplified equations 
given below can be used directly in numerical computations. 
Bl. Simplified Equations 
E(n) 
1 J 1 (a)J 1 (S) 1 
= TI a m;z [ n + ;z n + ;z ( --m) + J (a) J I ( S) 2 a m n+~ n+~ 
F(n) 
1 J 1 la)J 1 (S) 1 ~ ( m) '2 ( -1) n [ - n- ;z n + ;z ( --m) + J 1 (a) J 1 + 1 l S ) 
L.. a m -n-;z n ;z 
(B3) 










E (n) 2 + Ff(n) 1 
(B7) 




- (1-T )n' 2 n 
n=oo 
ll = [ I { R (A ) 
n=l n 
2 
+R(P )T 1 (n)}] n n 
n=oo 2 
+ [ I {n I(A )+I(P )T 2 (n)}] n=l n n n 
n=oo 2 
1 2 = [ I {R(A )T 1 (n)+R(P )n }] n=l n n n 
n=oo 2 






















y in radians 







I integer variable used to compute n1 (T)4ni(T) 
J integer variable used to vary a 
L integer variable denoting recursion 
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C TO CALCULATE ANGULAR INTENSITY FUNCTIONS AND 
C SCATTERING COEFFICIENTS FOR WATER DROPLETS 
c 
C SCATTERING COEFFICIENTS CAN BE CALCULATED 
C SEPARATELY USING RK AND AK CARDS AND THE FORMAT 
C FOR IT IN A SEPARATE PROGRAM 
1 IMPLICIT REAL *8 (A-H,O-Z,$),INTEGER *4(I-N) 





















23 1 DPL(I)=(2.*I-1.)*PL(I1)+DPL(I2) 
24 X=O 























































































111 3 CONTINUE 




116 WRITE ( 3 , 7 5 ) J , L 
117 75 FOID-1AT (30X,13,10X,13) 
118 WRITE (3,76)RL,RL1,RM,RM1 
11 9 7 6 F 0 RMA T ( 1 0 X , 4 F 2 0 . 8 ) 
120 WRITE (3,77)PL(J),DPL(J) 
121 77 FORMAT (30X,2F20.8) 
122 WRITE (3,45) RE,RE1 
12 3 4 5 FORMAT C/, 2 OX, 2F 2 0. 8) 
124 WRITE (3,790) RE2, RK 
125 790 FORMAT C//,20X,2F20.8) 
126 2 CONTINUE 
127 WRITE (3,46) M1,THETA 
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9 3. 82886 
10 17.8638 
11 5. 26914 
12 3.03508 
13 17.4263 
14 2. 20278 
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24 22.3351 
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• 032~86 • 000084 
• 257303 . 053120 
3 • 647897 • 259050 
4 .645469 • 884193 
3. 40760 1. 32491 
• 708225 3.43755 
7.15247 3. 24661 
1. 42336 7. 41651 
6, 20296 6.13210 
10 4. 413972 12.0111 
11 1.30547 7.41506 
12 13.4036 14. 6983 
13 5. 96359 5. 89416 
14 29. 94 76 21.4324 
15 48,2023 9.15973 
16 '· snor. 14.2166 
17 7. 76272 14.0690 
18 5. 75297 4. 06014 
19 6.13236 41.7417 
20 14. 533~ 3. 20720 
21 10. 3<0" 15.7086 
22 36.8950 7.01619 
23 s. 59461 16. 3878 
24 11. 6803 44.4539 
25 lB. 5181 . 396143 
26 2. 2fi4l:J 28.2439 
27 14. 6840 .), 9b532 
28 1. -,1 72-t:) 54. 15f)5 
29 37, 22113 10, 620G 
3 0 II. 137fi 19. 2822 
31 32. 1349 22.0335 
32 10. '0<2 9. 51535 
33 17.5323 30.9091 
34 27. fiH4 11. 5635 
35 6. 31"0R 51.4527 
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41 :J.'2fil3 19,8612 
42 ; .li1493 38.1736 












Y. Ill D l ~) 
.1!}. 21 'li' 



























































































































































































































































































































































































































































































6 G. 64094 3, 92319 
7 • 7297 44 5. 55225 
9. 38842 7. 48181 
9 4.75492 ll.4747 
10 4. 59558 9. 45979 
11 6.95826 18.6165 
12 19. 2162 9. 17106 
13 6. 44955 16.6179 
14 27. 7195 26.4973 
15 • 901BB4 ll. 9760 
16 ll.B288 27.8922 
17 9. 32901 21.6357 
lB 28.1B41 B.41B51 
19 7.90149 54.6547 
20 25.5108 30. 9B47 
21 2. 16669 7. 95539 
22 48.9280 24.5415 
23 15.7947 20.0401 
24 27.7768 52.6747 
25 10. B099 35.5472 
26 46.6061 14. 7436 
27 6. 3220 35. 565B 
28 62.3821 43.1910 
29 9. 79156 24.6214 
30 35.5941 38. 2834 
31 1. 3087f> 33. 6216 
32 32.0393 27.9526 
33 63.0252 54. 759B 
34 54.4549 23.8689 
35 27.6815 53.7915 
36 93. 9114 49.1684 
37 6. 63736 21.6973 
38 29.0473 98.4306 
39 17.3296 85.4719 
40 43. 1821 20.6075 
41 32. 7041 70.7296 
42 137. 798 28. 3319 
43 24. fi053 100.958 
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• 041337 • OOB405 
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1. OOB6B 1. 35337 
2. 61964 2. 29149 
B. 90911 6. B4704 
1. 45063 7. 64414 
13.7675 12.3812 
13. 020B 19.4836 
15.7933 21.0844 
10 2B. 2090 27.7879 
11 2,23413 27.7B99 
12 41. 3B05 42. 01B1 
13 50. 0762 43. 5B66 
14 29. 8345 33.1405 
15 36. 4422 59. 5613 
16 2. B653B 65. B187 
17 B9.0474 58.5741 
lB 105.072 39.0333 
19 24. 5B04 48. 6B44 
20 61. 5701 157.002 
21 7. 75795 7B.6938 
22 117. 600 53. 7076 
23 63.6439 56. 5917 
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25 92. 5B29 122.794 
26 9. 4B411 76.6746 
27 1B8. 445 94. 116 
28 81. 998B 116.510 
29 73. 1666 113. 725 
30 132.381 129.147 
31 6.0B4B5 111.073 
32 25B. 226 161. 230 
33 152.567 149. 904 
34 6B. 7429 132.023 
35 12B. 619 192.614 
36 19.8723 175.445 
37 352.909 1B1. 940 
3B 121.404 146.734 
39 9B. 3415 25B. 466 
40 192. 985 279.912 
41 1B.5097 173.455 
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43 129. 51B 237.500 
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4 G 2fi. SB83 1Bl. 297 
H 319.175 254.886 
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63 108. 777 
64 366.699 
65 43. 7952 
66 27. 3695 
67 B22. 299 
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69 364. 3B3 
70 466.748 
71 213. B69 
72 B61. 318 
73 90.0722 
74 47B. 235 
75 556, 3B7 
76 7B. 6162 
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21 133.524 
22 36. 8384 
23 358.661 
24 234. 660 
25 51.3809 
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379.87959 130,87498 
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3. 0823829 2. 5684301 
22.367481 19. 937284 
58.579915 57.419492 
71. 273313 82. 384848 
43. 004325 fi9. 983734 
7 47.585108 73.536337 
157. M810 !55. 74141 
9 266. 92309 256. 69259 
10 198.35914 240.14716 
11 67.812878 136.75959 
12 93.224843 137.89929 
13 277.94684 251.14171 
14 365.22774 298.43239 
15 126.16218 197.43050 
16 50.053797 154.44633 
17 252. 86111 354.97846 
18 353.68292 501.05101 
19 358.93876 387.65511 
20 109. 97707 270.74558 
21 416. 95805 579.18362 
22 844.39752 1039.4982 
23 856.37841 1098.6258 
24 407. 62483 786.23450 
25 414. 50029 690. 65428 
26 1147.2532 1250.0681 
27 1286.9880 1611.8385 
28 960. 58433 1337.0977 
29 438. 26231 729.43241 
30 I 011.2570 I 094.1427 
31 1607.9434 1704.7566 
32 1404. 7402 1598. 7172 
33 625. 87509 838.07880 
34 839. 83176 872. 54891 
35 201 o. 0900 1757. 1411 
36 2344. 2037 2234. 2261 
37 1287.8295 1581. 0453 
38 820.94627 1100. 6700 
39 2279. 65!9 1667. 5998 
40 3605. 5486 2882. 6958 
41 2898. 6071 2759. 9838 
42 1390.5833 1871.2952 
43 1817.6920 2027.6561 
44 4037.3120 2828. 3028 
45 4312.7170 3523.2217 
46 2500.2767 2471. 5457 
47 1183.3726 1759. 7918 
48 2944.2233 2745.1052 
49 4977.3872 3544.1723 
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84.360782 124.37085 
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10 444.03023 392.24508 
!1 374. 57454 372.68091 
12 164.18568 187.23243 
13 99.583490 79. 120950 
14 416.75312 169.92584 
15 655.87387 353.74046 
16 486.91731 401.24385 
17 171.24916 207.26372 
18 213. 69747 248.37654 
19 966. 86581 576.34941 
20 1426.1260 734.49770 
21 1146.8723 1044.5486 
22 626.46849 747. 64689 
23 619.21052 765.28200 
24 1626.6793 1363.2338 
25 2302.9092 1882.4011 
26 1889. 9330 1733. 8677 
27 593.:\9909 1005.9393 
28 680.31321 787.56386 
29 1867.4068 1448. 7001 
30 2681.3545 2024.3471 
31 1745. 2690 1725.5497 
32 699,74745 901.75996 
33 838. 09092 981.4 7631 
34 2532.6631 1842.0185 
35 3667.2844 2797.0571 
36 2836.9371 2619. 9075 
37 1463.1029 1828.7197 
38 1630.7087 2054.5316 
39 3956. 6557 3389. 551J 
40 5422.0614 4389.4828 
41 429:1.9874 3866.2452 
42 2515.3414 2487,6130 
43 1H39. n7H 2122. 1504 
44 ·1363. 5069 4329.7300 
45 ;,sKI. D177 4779.2834 
46 4574.4821 3766.2537 
47 lfiti'-'.77.'1() 207fl. 7475 
.t8 i03:L ~)2Sl ~Ofi!l. f~1fi9 
49 5032. 7.>~:~ -tr}:\4. f>457 




G l 5280. 5546 4569. 7871 
S2 2575.3076 2953.5452 
53 3318. 5258 4465.4588 
51 6909.4667 6566. 9979 
55 8623. 6766 7830.3300 
5!; 6972. 8253 6565. 5934 
57 4169.3315 4796.2664 
58 4297.7183 5377.1717 
59 8351.7104 8139.5682 
60 10107.250 8816.2357 
61 7515.0059 7974.3585 
62 4625. 7332 3956.7063 
63 4457.3478 4940.4444 





69 9718.62 09 
70 4397.0089 
71 10932.582 
72 5782. 1360 
73 7934. 5440 
74 13380. 592 
75 16405. 713 
76 10156.641 
77 6356.8772 





83 9648. 012'i 
84 16801. 523 
85 1 ':1551. 302 
86 12022. 508 
87 7009.3757 
88 12283. 743 
8~ 20468. HO 
oo 22269.104 
91 11280. 264 
92 7583. 0127 
93 12R49. 079 
94 21345. 904 
95 25J54.168 
~u 12n54. 70R 
07 7:114.84:32 
9~ J:I"-I'.·IR2 
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• 51690730 • 04601163 
3. 5491516 3. 2630804 
3 31.937302 30.236034 
4 118.74619 115.84143 
5 251. 15351 253. 60769 
339.45133 357. 30047 
7 295. 69805 335. 60286 
8 155.39048 213.14800 
9 108.29354 137.16507 
10 279. 56307 236.63071 
11 483.46830 433. 95500 
12 466.38631 484.65603 
13 224.43721 248. 26651 
14 33.109558 53. 634727 
15 244. 76298 144.91174 
16 780.46706 657.88097 
17 1106.5043 1180.4746 
18 597.78670 1189.1079 
19 430. 81480 873. 89370 
20 413.78554 721.81462 
21 1134.2501 1232.7297 
22 2113.1128 2214.8434 
23 2244.7983 2711.4463 
24 1734.1039 2321.7146 
25 706, 89440 738.65599 
26 463. 75290 620.96380 
27 1481.8657 1237.9833 
28 2163.5361 1861,4735 
29 2316.3156 1841.4518 
30 1230.3018 1059,9592 
31 572.67720 677.64210 
32 1575.8610 1563.1482 
33 3366.2549 3581.8972 
34 4665. 9640 4130.4398 
35 3963. 5208 3431.3818 
36 2236.2327 2350.2984 
37 2137.7653 2224.4022 
38 4284.8152 3792.3719 
39 6209.6389 5880, 5395 
40 6408.6644 5631.3741 
41 4080.1047 3587.1041 
42 2447.7743 1727.7298 
43 2299.7549 1770. 1345 
44 4932. 8535 5267.0941 
45 6969. 9206 6242. 8134 
46 5811.3482 5321.2789 
47 3174.4207 3382.0452 
48 2634. 5860 2891. 9640 
49 5589.0061 6135.6349 
50 9812.2195 9332.7898 
































66 9807. 3574 
:)7 15498.864 
68 16258. 675 
09 9718. 621 
'10 4397. 0089 




75 7313. 6565 
76 4645.3690 
77 10045.349 
78 20139. 673 
79 22422. 255 
80 15534.007 
81 8871.8285 









91 2024 7. 074 
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• 5226916 • 04898568 
3. 7282279 3. 5625465 
36.046057 34. 932374 
4 149.49612 147.08442 
5 369.27548 368.90105 
620. 88832 629.14857 
7 744.37374 771.68865 
8 608.62503 682.91943 
9 264.17426 397.01797 
10 16.166239 94.130016 
11 87.044910 49.512604 
12 341.12356 307.62361 
13 462.17456 537.51228 
14 523.57932 445.43429 
15 271.81074 188.95953 
16 132.53648 180.80310 
17 742. 73750 795.65300 
18 2000.2420 2169.8527 
19 3308.1744 3181.1792 
20 3803. 1965 2899.3617 
21 2693. 8532 2363. 8242 
22 1388.3356 1241.3261 
23 332.60230 524.21395 
24 1075. 9933 865. 09002 
25 2433.6640 2211.6546 
26 2863.7580 2391. 0627 
27 2141.8908 1838. 9902 
28 624.33252 807.97488 
29 490. 52489 839.78894 
30 2313.7441 2491.1442 
31 5561.2160 5141.4595 
32 7427.5433 7229.9587 
33 6267.1590 7052.3088 
34 3649.3253 4740.0396 
35 1425. 0427 2177.2162 
36 1237.5168 1670.0534 
37 3187.4680 2970.2627 
38 7173.0380 4524.0679 
39 6622. 2864 5298. 0140 
40 4112.7142 :1928.8420 
41 1374.8242 1645.9679 
42 1136.7179 1741.8119 
43 5972. 9986 4672.7624 
44 10980.:110 9152.6828 
45 131 R5. 044 12699. 112 
46 ll36:l.62R 11259.566 
47 5377.7760 7647.4278 
·18 35-l·!. 75<;7 6218.4975 
49 5256. 1 R38 5399. 9279 
























































































































































• 05268886 • 05120060 
3. 8615041 3. 7843851 
39.259595 38. 709085 
4 175.42763 174. 04989 
479.88994 478.86490 
6 925.56347 927.68625 
7 1348.7207 1361.0645 
1521. 0258 1575. 5679 
9 1291.2763 1435.6193 
10 768.64570 901. 97066 
11 403. 53873 371.50297 
12 617. 08286 526. 91740 
13 1412.8309 1668.9560 
14 2743.1272 2996.3125 
15 4275.5882 3417.1719 
16 4275.3735 3459.1197 
17 3050.9634 2900.8197 
18 1201. 8943 1771. 8127 
19 250.02140 1018.6188 
20 854.98417 1588.6108 
21 2017.0484 1978.5745 
22 2482.1174 2372.0698 
23 2896.1388 2113. 1893 
24 1092.2358 720. 5547 
25 93.745580 74.257877 
26 602. 61182 778.05560 
27 3779.3689 3767.4855 
28 8780.9317 6449.4163 
29 12723. 802 12405.272 
30 13470.643 13103.897 
31 10160.305 10280.541 
32 5360. 8759 5646. 3977 
33 1038. 9396 1303.0561 
34 551.85650 316.24370 
35 3569. 1234 2681.9726 
36 6841. 0416 6132.6029 
37 7160.9874 7947.8555 
38 5883. 01! 7 6222. 6850 
39 3674.5208 2819. 6888 
40 1859.5413 2095.6415 
41 4084.9497 4413.9818 
42 11553.436 10102.505 
43 16692.465 15974.505 
44 20517.859 19721.461 
45 16652.919 15613.755 
46 8903.5010 8328.3580 
47 1289.5700 1975.4830 
48 545.45799 308.10896 
49 6325.7429 6370.9056 






























































































































































TABLE: (III 36) 
i1 12 
. 05294333 • 05256685 
3. 9436910 3. 9238697 
41.307134 41.160517 
192.77468 192.37756 
558. 93657 558. 51331 
1163.3050 1163.4614 
!882. 52!5 1885.3806 
2498. 1549 2516.0909 
2786.3997 2843.1437 
10 2527.7425 2587.2209 
11 2048.6358 2030.9674 
12 2357.9073 2301.2611 
13 4807.0940 4994.6205 
14 9662.1685 10043.358 
15 15658. 040 14978. 694 
16 20254.956 19258.!06 
17 21571.554 21352.132 
18 20304.407 23009.397 
19 16866.552 18546.522 
20 15294.555 13154.506 
21 11728.533 11257.167 
22 14131.496 14890. 694 
23 22863.328 23295.758 
24 35653.975 33033. 548 
25 43325.787 42913.805 
26 45626.229 45882.330 
27 39248.932 41475.626 
28 28396.272 30938. 178 
29 15459.108 17684.323 
30 9841.8000 9876.0200 
31 10784. 554 9379.9610 
32 16807.359 16056.474 
33 23081.396 26082. 072 
34 32831.709 29622.387 
35 34171.462 30425.794 
36 25483.556 25483.450 
37 14557.383 16718.009 
38 2110.3578 7213.4476 
39 67.924076 1540.4963 
40 2866.6103 3010. 92f>4 
41 7808. 6192 7033. 9045 
42 9320.2387 8976.9162 
43 12522.535 6446.5840 
44 GOGB. 0510 ·! 22:1. 0040 
45 11:18.2154 1141.G17(i 
46 2512.301:1 2690.4260 
47 11863.702 12687.718 
48 :l29R4. 70H :J.J95(i. :1.98 
49 49H88. 083 4-~497. !)58 
:;o 55:184.936 55393.167 































60 108465.37 107607.37 
6! 73697. 680 67442. 202 
62 31283.611 39774. 589 
63 17711.054 14338.896 
64 23687.771 2!265. 094 
65 52202.499 48158.800 
66 83975.059 88467.720 
67 115477.91 112201.37 
68 115102.17 97183.493 


















































95 4 9902. 118 
96 17702. 835 































3 5790. 946 
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